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LXVII I .  Further investigation of the Nature of A~rial Vibra- 
tions. By the Rev. J. CmtLLIS, M.A., F.R.S., ~'.R.A.S., 
Plumian Professor of Astronomzt and Experimental Philo. 
sophg in the University of Cambridge*. 
B EFORE I proceed with the inquiry carried on in several preceding Numbers of this Journal, I wish briefly to no- 
tice the views put forth by Mr. Stokes in the November 
Number, respecting a supposed remarkable difficulty in the 
Theory of Sound-which e says that I have pointed out. 
What he alludes to I have not myself called a difllculty, nor 
do I so regard it. By an investigation contained in the Phi- 
losophical Magazine for last April, I found that the general 
character of a~rial vibrations is non-divergence, and that the 
theoretical velocity of sound is different from that usually 
adopted. Mr. Airy urged against hese conclusions, that my 
equations represent a particular case of the propagation of 
plane-waves : in answer to which I proved, by a reductio ad 
absurdum, that plane-waves are physically impossible. This 
proof~ which forms the subject of Mr. Stokes's remarks, is 
given in the Philosophical Magazine, S. 3, vol. xxxii., from 
line 16 of page ~96 to. line 12 of 10ga e497. The absurdity to 
which the hypothesls of plane-waves conducts is, that the 
points of maximum velocity and of no velocity in the same 
wave may be at the same point of space at the same time. 
:Mr. Airy did not reply. Mr. Stokes, however~ undertakes to
maintain plane-waves by the following considerations. He 
first finds that a point of maximum velocity of a wave travels 
at a rate different from that of a point of no velocity 9 and con- 
sequently that there is at least great danger of one overtaking 
the other. When this absurdity is on the point of being 
consummated, the wave, as he conceives (for there is nothing 
in the analysis to indicate such a result), is converted into a 
breaker. What the subsequent motion is Mr. Stokes thinks 
it would not be worth while to inquire, but proceeds to sup- 
port by considerations, which it is not necessary to particula- 
rize, the possibility of the physical existence of a surface of 
discontinuity at the position where the abrupt alteration of the 
character of the wave takes place. How then stands the 
question? According to my reasoning plane-waves are phy- 
sically impossible ; acc-ording to Mr. Stokes's, plane-wavesare 
wholly incompatible with the transmission of articulate and 
musical sounds. The only conclusion from either result is, 
that the hypothesis of plane-waves i  inadmissible. 
It may, however, be urged that spherical waves are physi- 
* Communicated by the Author. 
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Prof. Challis on the Nature of A~rial Vibrations. 463 
cally possible; and that as these become plane-waves at an 
infinite distance from the centre, the latter are also physically 
possible. I have already met this argument in the communi- 
cation above referred to ; but as the reasoning isgiven briefly, 
and may possibly have been overlooked, I will repeat it here. 
I take the results of the hypothesis of spherical waves as they 
are given in Poisson's Traitd de Mdcanique (vol. ii. p. 706, 
2nd edit.), and as they are commonly admitted. The pressure 
av being a2(1 +0-), the following expression is obtained for the 
condensation (r at the distance r from the centre at the time t,
f(at--r). 
ar  
and it is stated that there is no condensation wherever r is 
greater than a t + ~, and less than a t--~, 2~ being the breadth 
of the sonorous undulation. Hence, supposing 2~ very small 
compared to r, and putting for routside the function, its value 
a t corresponding to the middle of the wave, the quantity of 
matter existing at any time in the wave beyond what would 
occupy the same space in the quiescent state of the fluid, is 
very nearly 
4,ra~t~.f f(at--  r) dr 
a~t 
the integral being taken fi'om r=a l -~ to r=at+E. Calling 
A the constant value of this integral, the expression for the 
quantity of matter becomes 4~rAt. Hence the matter increases 
in quantit~l with the time ! Now the very equations from which 
this result is derived are founded on the supposition that the 
quantity of matter is constant. There is consequently no dif- 
ficulty here which any physical considerations can explain, 
but strictly a reductio ad absurdum, which necessitates the im- 
portant conclusion that the hypothesis of spherical waves is 
inadmissible. The physical impossibility of plane-waves was 
proved by the same kind of reasoning; and any attempt o 
reconcile the contradiction in either ease is simply illogical. 
As neither the hypothesis of plane-waves nor that of spherical 
waves is admissible, the theoretical value of the velocity of 
sound which rests on those hypotheses necessarily fails of sup- 
port. I return now to the consideration of non-divergent 
waves, or, as they may also be called, rau-vibrations. 
The general equation which gives the density p in any in- 
stance of fluid motion, the velocity V being known, is 
fay  dV V ~ F(alblc, t)" a 2 Nap. log. e+O,  as+ 
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464 Prof. Challis on the Nature of A~rial Vibrations. 
As the integration, for reasons I have elsewhere insisted 
upon,, must generally be taken, along a line. of motion, the 
arbitrary function added contains the co-ordinates a~, hi, c~ of 
a given point of this lille. Supposing udx+vd3l+wdz to be 
dg, Hence an exact differential (d+), we have V=-~-. 
dg, V ~ 
a~.Nap, logo+ ~/ +-~- =F(al, bx, q,t  ). . (1.) 
In the instance of motion before us, the axis of z is a line 
of motion. Also 
+=f+, ~=:~ 
and for a point on that line 
d+ d+ 
v=~ =f~.  
Consequently, 
P a ~ Nap. log t' +f 'd~ + ~" ~ d~ = F(a,, b,, c,, t). . (~.) 
I shall now proceed to investigate a general equation which 
must be satisfied whenever a given state of density is propa- 
gated with a constant velocity, for the purpose of ascertaining 
whether the propagation along the axis of the ray-vibrations 
obeys this law. If a I = the constant rate of propagation, and 
ds be the increment of a line s drawn in the direction of pro- 
pagation, it is clear that the following equation must be satisfied, 
dP +al-  ~ =0, 
dt 
because the integral of this equation is p=F(s--alt ). Now 
d.pu d.pv d.fw c/p+ + + =0. 
at ~ -&y --?7- 
Hence 
d. +-Y~j+ d~ - -a,~ =0. . . (s.) 
This is the general equation sought. For a first applica- 
tion, let us suppose the motion to be that of plane-waves pro- 
pagated in the direction of z. The equation for this case 
becomes 
d.pw 
dz --al dd--Pz =0'  
or  
dw de 
=(a~-~)  e-~" 
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Now, as is known, for plane-waves 
d~ de 
Hence the condition of" uniform propagation of a given state 
of density is not satisfied in this case of motion. Next let ns 
take the case of ray-vibrations. We will suppose the axis of 
z to be the axis of the vibrations, so that u=0 and v=0. 
Then equation (3.) becomes 
du dv dw de, 
+ @ + = 
which, since 
df  d f  w =f~-~z' f=  1, and d~f d'2f-- b~ 
u=q) ~x, v=9 -d-~.y, d~.~ + "~- -a  ~, 
gives 
--9 -~ + ~ = al-- dz/Fdz" 
OF 
(7) =o 
Differentiating now the equation (2.) along the line of mo- 
tion, we have 
a~dp d2~ d~ ~9 
pdz +d~ +~z'd-~z  =0" 
H'enee, substituting in the above equation, 
dz / \ ~zdt dz dz ~ 2 
Consequently, by comparing with the equation which I have 
called (B.), viz. 
aY 9 d~ -'d 9 d~9 a~ ~ d~9 
--b2~ + a~ ~-~ - dr--- T -- 2 ~-~" dYdt t dz~ "-d-~ =0, 
the result is, 
d~9 d~9 d~2)=0.  dt ~ +a, ~zdt + ~(a ,  d~9~ +
d9 and d~ for d9 Putting cI)ford~ +al~zz , d-~' this equation be- 
comes 
ddp d6# dz 
dt + -d-z- " ~ -m0~ 
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466 Prof. Challis on the Nature of A~rial Vibrations. 
and is plainly satisfied by the equation (P=0. Hence 
d~ d~ 
~" +al  dzz =0,  
de is also a function of and ~ is a function ofz--axt. Hence z 
z--alt,  and a given state of the wave as to velocity is propa- 
gated uniformly. Now it may be assumed that at some point 
of the line of motion, viz. at the commencement of the series 
of vibrations, the velocity and density vanish together ; so that 
L 
p = 1 where d~m 0, and consequently, fromwhat hasbeen shown 
above, where de --0. Hence it appears from equation (2.) 
that F(a~, bl, el, t) =0.  Putting therefore f= 1 in that equa- 
d~ 
tion, it follows, since ~ and ~ are each functions of z -a l t  , 
that p is a function of the same quantity. Thus a given state 
of the wave, both as to velocity and as to density, is propa- 
gated with the same uniform velocity a 1. This result is in 
perfect accordance with known facts respecting the transmis- 
sion of articulate and musical sounds. 
I will take this occasion to advert again to a difficulty re- 
garding the supposed effect of the development of heat on 
ai~rial waves, which I have pointed out in the Philosophical 
Magazine, vol. xxxii, pp. 283 and 698. Let the relation be- 
tween the pressure and density, inclusive of the eflhct of tem- 
perature, be expressed by the equation p=a2p ~+k, as is allow- 
able. Then putting 1 +¢ for p, and supposing 0-small, we 
have 
,kd~ ap =a~(l+k)(a+~ ,  
~ ) dzj 
=a~(1 +k)~ (a +ko-+&c.). 
I f  now the terms k0-+ &e. be neglected, the equation is of 
the same form as that derived from the relation p=a~?, and is 
consistent with the uniform propagation of a given state of 
velocity and density. But those terms stand in the way of 
such a result ; and though they are of small amount, yet their 
effect on the form of the wave is accumulative, and must in the 
end entirely alter its character. This is the nature of the 
difficulty I have alluded to, which, as we have seen, does not 
exist in the case of ray-vibrations. 
Cambridge Observatory, 
Nov. ~I, 1848. 
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